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Abstract: By studying the Euclidean partition function on a cone, we argue that pure
and mixed gravitational anomalies generate a “Casimir momentum” which manifests itself
as parity violating coefficients in the hydrodynamic stress tensor and charge current. The
coefficients generated by these anomalies enter at a lower order in the hydrodynamic gradient
expansion than would be naively expected. In 1 + 1 dimensions, the gravitational anomaly
affects coefficients at zeroth order in the gradient expansion. The mixed anomaly in 3 + 1
dimensions controls the value of coefficients at first order in the gradient expansion.
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1. Introduction
Anomalies constitute a set of fascinating phenomena in field theory. Their usefulness stems
mainly from their robustness—they are often easily computed even in very strongly interacting
theories and they are insensitive to a large variety of deformations of the theory. Further,
their phenomenological significance in fields ranging from solid state physics to cosmology has
inspired a large body of work in the last few decades devoted to understanding the dynamics
of anomalies from various viewpoints.
Despite this effort there is much that is yet to be understood. We have but a vague
comprehension of the dynamics of anomalies at finite temperature and chemical potential,
let alone far away from equilibrium. The existence of thermodynamic observables which are
sensitive only to anomalies, or a classification of hydrodynamic processes which are responsive
only to anomalies are examples of problems which one would like to address.
While a complete understanding of the role of anomalies in terms of thermodynamic and
hydrodynamic response is still elusive, a significant amount of progress has been made in the
last few years using only a handful of tools and techniques. These tools have successfully
explained various features of anomaly induced response in the case of pure U(1) anomalies
in hydrodynamics [1]. In what follows, we would like to argue that the existing methods
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which have been so successful in dealing with U(1) anomalies are bound to give incomplete
information when applied to gravitational or mixed anomalies. In order to do so, let us briefly
summarize some of the salient features of hydrodynamics.
The equations of motion of relativistic hydrodynamics are energy-momentum conserva-
tion and charge conservation when appropriate. These equations must be supplemented by
constitutive relations which express the (covariant) energy momentum tensor T µν and current
Jµ in terms of the hydrodynamic variables: T , µ and uµ—temperature, chemical potential
and velocity field respectively. We normalize the velocity field such that u2 = −1. If we also
turn on a slowly varying background gauge field Aµ and metric gµν , then the constitutive
relations will depend on gauge and diffeomorphism invariant combinations of the background
fields.
The constitutive relations can be decomposed into scalar, vector, and tensor relations
with respect to the rotational symmetry which preserves the velocity field,
Jµ = Nuµ + νµ ,
T µν = Euµuν + P∆µν + uµqν + uνqµ + τµν , (1.1)
where we have defined the transverse projector ∆µν = gµν + uµuν . The vectors νµ and qµ
are transverse to uµ, and τµν is transverse and traceless. The constitutive relations (1.1) are
usually arranged in a derivative expansion in which expressions which involve gradients of the
hydrodynamic variables are suppressed by appropriate powers of the mean free path [2, 3].
The constitutive relations characterize the response of the energy momentum tensor (or of
the charge current) to a perturbation via response parameters. For instance, the conductivity
parameterizes the response of the charge current to an external electric field.
In some instances “transport coefficients” and “response parameters” are used inter-
changeably. In what follows we will make a distinction between transport coefficients or
hydrodynamic response parameters, and thermodynamic response parameters (whereby re-
sponse parameters or response coefficients will refer to either set). Transport coefficients
characterize out of equilibrium dynamics and their Kubo formulae will involve correlators at
non zero frequency. Thermodynamic response parameters are associated with the properties
of the equilibrated system and the the appropriate Kubo formulae will involve correlators at
zero frequency. The shear viscosity, bulk viscosity, and conductivity are examples of transport
coefficients. An example of a thermodynamic response parameter is the magnetic suscepti-
bility.
We are now in a position to discuss anomaly-induced transport as it is currently under-
stood [1,4–22]. In 1+1 dimensions, we parameterize the anomalies through the conservation
equations for the covariant current and stress tensor,
∇µJµcov = csǫµνFµν , ∇νT µνcov = FµνJνcov + cgǫµν∇νR , (1.2)
where Fµν is the field strength of the background gauge field, R is the Ricci scalar of the
background metric, and ∇ indicates the covariant derivative using the Levi-Civita connection.
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To zeroth order in derivatives, the constitutive relations are given by
P = P , E = −P + µ∂P
∂µ
+ T
∂P
∂T
, N = ∂P
∂µ
, (1.3a)
νµ = −2csµǫµνuν , qµ = ǫµνuν(c˜2dT 2 − csµ2) , τµν = 0 , (1.3b)
where P is the pressure and τµν identically vanishes in two dimensions [15,21]. The param-
eter c˜2d is a free constant which violates parity and time-reversal while preserving charge
conjugation. At the one and two derivative level equation (1.3) receives several corrections
which we will discuss in section 4.1. The author of [23] showed that in the presence of a two
dimensional gravitational anomaly the vector contribution qµ to the constitutive relations
(1.3b) becomes:1
qµ = ǫµνuν
(
c˜2dT
2 − csµ2 + 2cg∇ρ∇
ρT
T
)
. (1.4)
In 3 + 1 dimensions we parameterize a U(1)3 and mixed gauge-gravitational anomaly by
∇µJµcov =
1
4
ǫµνρσ
[
3cAFµνFρσ + cmR
α
βµνR
β
αρσ
]
∇νT µνcov = FµνJνcov +
cm
2
∇ν
[
ǫρσαβFρσR
µν
αβ
]
.
(1.5)
To first order in derivatives, the constitutive relations are given by [1, 10,11]
P = P − ζ∇µuµ , E = −P + µ∂P
∂µ
+ T
∂P
∂T
, N = ∂P
∂µ
, (1.6a)
and
νµ = −6cAµBµ + (c˜4dT 2 − 3cAµ2)ωµ + σ∆µν
(
Eν − T∇ν µ
T
)
,
qµ = (c˜4dT
2 − 3cAµ2)Bµ + 2(c˜4dµT 2 − cAµ3)ωµ ,
τµν = −ησµν ,
(1.6b)
where we have defined
Bµ =
1
2
ǫµνρσuνFρσ , ω
µ = ǫµνρσuν∇ρuσ , (1.6c)
Eµ = Fµνu
ν , σµν = ∆µρ∆νσ (∇ρuσ +∇σuρ)− 1
3
∆µν∇ρuρ (1.6d)
From the hydrodynamic analysis of [10], the parameter c˜4d is a constant which violates parity
and charge conjugation while respecting time-reversal. There is no four dimensional analogue
1The gravitational anomaly coefficient cg is denoted by the symbol −D in [23]. Further we have used the
following equilibrium relation to simplify the result derived in [23]
(
uα∇β − uβ∇α
)
∇αuβ = −∇
2T
T
.
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of the two dimensional computation of [23] in the literature. We carry out such an analysis
in this paper and our results are presented in appendix B.
Explicit calculations in various 1+1 dimensional CFTs with pure gravitational anomalies
support the relation
c˜2d = −8π2cg . (1.7)
The evidence for this statement in various 1 + 1 dimensional CFTs is extensive, though the
results are somewhat fragmented across papers in various subfields of physics, ranging from
thermal hall physics and superfluids (See for example [24–27] and references therein) through
free field computations [28,29] to various studies of AdS3/CFT2 and thermodynamics of BTZ
blackholes in the presence of gravitational Chern-Simons terms [30] (See [31] for a review).
Similarly, computations in an arbitrary free field theory of chiral fermions [26,29,32–37] (see
also [24]) and in AdS5/CFT4 [38] are consistent with the relation
c˜4d = −8π2cm , (1.8)
in four dimensions. A natural generalisation of (1.7) and (1.8) to arbitrary dimensions was
presented in [29] by an analysis of free fermion theories.
The peculiar relations (1.7) and (1.8) are the main focus of this paper. They exhibit two
distinct features which a priori indicate that a general proof of their validity (if it exists) will
require special attention.
1. A breakdown of the naive derivative expansion: The gravitational and mixed anomalies
contribute to the response parameters at two orders of derivatives lower than expected
when studying the equations of motion. We will refer to this phenomenon as a “jump”
in the derivative expansion. For instance, the gravitational anomaly in 1+1 dimensions
enters at zeroth order in the derivative expansion instead of second order in the deriva-
tive expansion. Existing methods [1, 19, 39] independently constrain the constitutive
relations order by order in derivatives, and so cannot exhibit jumps in the derivative
expansion. Indeed, when applied to the case of a two dimensional theory with a gravita-
tional anomaly [23], existing methods lead to the contribution (1.4) to the constitutive
relations, but fail to establish (1.7).
2. The 8π2 factor : All existing methods to derive constraints on anomaly induced trans-
port [1, 10,11,19,39] carry out algebraic manipulations on the anomalous conservation
equations (for example (1.2)). Using our normalization for the various coefficients, a
moment of thought reveals that the constraints derived out of such algebraic arguments
cannot contain transcendental numbers like the additional factor of 8π2 in (1.7). This
obstruction by itself precludes any constraint of the form (1.7) to arise from methods
based on [1]. Moreover, any argument which gives a constraint such as (1.7) or (1.8) is
expected to be geometric rather than algebraic.
Fortunately, there is a very well-known relation in 1+1 dimensional conformal field theory
(2d CFT) which exhibits the same features as (1.7) or (1.8)—the Cardy formula. Given a
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unitary modular-invariant 2d CFT with a Weyl anomaly
(Tcov)
µ
µ = cwR =
1
2π
cR + cL
24
R , (1.9)
the Cardy formula relates the pressure of this CFT in the infinite volume limit to the left and
right handed central charges cR and cL via [40,41]
P = 2πT 2
cR + cL
24
= 4π2cwT
2 . (1.10)
The relation (1.10) follows, essentially, from the Casimir energy picked up when going from
two-dimensional Euclidean space to the cylinder due to the non-conformal behavior of the
energy momentum tensor. The relation (1.10) exemplifies a relation between terms of different
orders in the derivative expansion. (In this case, the pressure is zeroth order in the derivative
expansion while the Weyl anomaly is second order.) Further, the transcendental number here
4π2 comes essentially out of the geometry of the thermal circle; 2πT is precisely the inverse
radius of the cylinder. In fact, as we show in appendix A, one can easily extend the result
(1.10) to theories with cg 6= 0 therey deriving (1.7) for conformal field theories with no charge
current.
In the rest of this work, we use the intuition gained by the observation (1.10) to demon-
strate (1.7) and (1.8) by generalizing some recently obtained results for the Euclidean gener-
ating functional [19, 39]. We will argue that the jumps in the derivative expansion in 1 + 1
and 3+1 dimensional theories can be understood in terms of a “Casimir momentum density”
which can be computed by placing the theory on a cone (or a product of a cone with a two
dimensional manifold). We also compute the constitutive relations of a conformal and non-
conformal theory in 1+1 dimensions to second order in the derivative expansion (see (4.7)), as
well as the contribution of the mixed anomaly to the constitutive relations in 3+1 dimensions
(which may be found in appendix B).
The remainder of this manuscript is organized as follows. In sections 2 and 3 we collect
various results from the literature relevant to this work: section 2 briefly reviews the structure
of the anomaly polynomial and the construction of the Bardeen-Zumino anomaly polynomial
which distinguishes between covariant and consistent observables. Section 3 summarizes
the method of construction of an equilibrium partition function [19, 39] which will play an
important role in our work. The reader familiar with the content of sections 2–3 may go
directly to sections 4 and 5 which contain our main result. In section 4 we compute the
effect of a gravitational anomaly on the response coefficients of two dimensional theories and
in section 5 we compute the effect of a mixed anomaly on the response coefficients of four
dimensional theories. We end with a discussion and summary in section 6.
Note: While this work was nearing completion, we were made aware of [42] which deals
with issues similar to the ones considered in this paper.
2. Anomalies
In this section we briefly review several useful facts about gauge and gravitational anomalies
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and establish our notation. Since these facts are well known, we will necessarily be brief. We
will refer the reader to various books and lecture notes [43–45] for a more detailed review.
The reader familiar with these results may skip to Section 3.
2.1 Anomaly polynomial, Consistent and covariant anomalies
Consider a 2n-dimensional theory with a conserved U(1) current and stress tensor which
respectively couple to a background gauge field A and metric g. We will assume that these
conservation laws become anomalous once we place the theory on a non-trivial background.
We will denote the curvature of A by F = dA, and we define the Christoffel connection
1-forms and curvature 2-forms associated with the metric via
Γαβ ≡ Γαβµdxµ, Rαβ ≡ 1
2
Rαβµνdx
µ ∧ dxν = dΓαβ + Γαγ ∧ Γγβ, (2.1)
where Greek indices are spacetime indices, Γαβµ are the Levi-Civita connection coefficients,
and Rαβµν are the components of the Riemann tensor.
Let W denote the generating function of the 2n dimensional theory we are interested in.
Let us also define a 2n+1 dimensional theory on a manifoldM2n+1 with boundary ∂M2n+1
with a generating function Wcov defined through
Wcov = W [∂M2n+1] +
∫
M2n+1
ICS2n+1 . (2.2)
Here ICS2n+1 is a Chern-Simons form associated with the metric, gauge field, or a combination of
the two. The form of the 2n+1 dimensional Chern-Simons term is determined by demanding
that the covariant generating function, Wcov, is invariant under gauge transformations and
diffeomorphisms. More precisely if we denote gauge and diffeomorphism variation by δλ,
δλAµ = ∂µΛ+Aν∂µξ
ν + (∂νAµ)ξ
ν = ∂µ (Λ +Aνξ
ν) + ξνFνµ,
δλgµν = ∇µξν +∇νξµ ,
(2.3)
then the statement that the 2n+1 dimensional theory is gauge and diffeomorphism invariant
implies that δλWcov = 0.
As a result of the gauge invariance of Wcov, the 2n dimensional theory described by
the generating function W in (2.2) is not gauge and diffeomorphism invariant and hence,
anomalous. In detail, the gauge and diffeomorphism invariance of Wcov amounts to
δλW [∂M2n+1] + δλ
∫
M2n+1
ICS2n+1 = 0 . (2.4)
By construction, the bulk Chern-Simons term is gauge-invariant up to boundary contribu-
tions. Let us parameterize the variation of the Chern-Simons term by
δλ
∫
M2n+1
ICS2n+1 =
∫
∂M2n+1
d2nx
√−g Λ J +
∫
∂M2n+1
d2nx
√−g ∂λξν T λν , (2.5)
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so that (2.4) reads
δλW [M2n] = −
∫
M2n
d2nx
√−g Λ J −
∫
M2n
d2nx
√−g ∂λξν T λν 6= 0. (2.6)
The fact that the generating function W is not gauge and (or) diffeomorphism invariant
signals the presence of anomalies. From the viewpoint of the 2n + 1 dimensional theory, the
2n dimensional anomaly is due to an anomaly inflow—a flow of conserved charges from the
bulk to the boundary thereby modifying the conservation laws at the boundary.
Let us consider these conservation laws in some detail. We define a consistent stress
tensor and a consistent charge current by varying the generating function W with respect to
the metric and gauge field respectively.2
Jµcons ≡
1√−g
δW
δAµ
,
T µνcons ≡
2√−g
δW
δgµν
.
(2.7)
We can now compute the gauge and diffeomorphism variation of W ,
δλW =
∫
d2nx
[
δW
δgµν
δλgµν +
δW
δAµ
δλAµ
]
,
=
∫
d2nx
√−g [−Λ(∇µJµcons)− ξµ (∇νT µνcons − FµνJνcons +Aµ∇νJνcons)] ,
(2.8)
where in going from the first line to the second we have integrated by parts. Here∇ represents
the covariant differentiation of tensors using the usual Christoffel connection. Generically, in
a theory with diffeomorphism anomalies none of the currents are tensors—we define the action
of ∇ on T µνcons and Jµcons by treating them as if they were tensorial objects. Comparing (2.8)
against (2.6) we get the consistent anomaly equations:
∇µJµcons = J ,
∇νT µνcons = FµνJνcons − JAµ − gµν
1√−g ∂λ
[√−g T λν] . (2.9)
We emphasize that neither the currents Jµcons and T
µν
cons nor the anomalies on the right
hand side of equation (2.9) transform covariantly under gauge transformations and diffeomor-
phisms. This unfortunate state of affairs may be remedied by using the generating function
Wcov instead of W .
Consider a general variation of the 2n + 1 dimensional metric g
(2n+1)
ab and the 2n + 1
dimensional gauge field A
(2n+1)
a onM2n+1. In what follows Roman indices will be associated
with the coordinates on M2n+1 and Greek indices with the coordinates on ∂M2n+1. The
2The “consistency” of the current and stress tensor are associated with the so called Wess-Zumino consis-
tency conditions [46] (See [43–45] for a review).
– 7 –
index associated with the direction normal to the boundary will be denoted by ⊥. The
orientation of the normal direction is fixed by demanding√
−g(2n+1)ǫ⊥µ1...µ2n2n+1 =
√−gǫµ1...µ2n . (2.10)
The variation of the 2n+1 dimensional metric will contain a bulk piece δgab and a boundary
piece δgµν . Likewise, the variation of the gauge field will contain a bulk piece δAa and a
boundary piece δAµ. With this notation in mind, we can parameterize the variation of Wcov
with respect to the sources through
δS
∫
M2n+1
ICS2n+1 =
∫
M2n+1
d2n+1x
√
−g(2n+1)
{
JaδAa + L
ab
cδΓ
c
ab
}
+
∫
∂M2n+1
d2nx
√−g
{
Y µδAµ +
1
2
XλµνδΓ
ν
λµ
}
. (2.11)
Before we proceed, certain clarifying remarks are in order. The metric variation enters
entirely through the variation of the connection because of the topological nature of the Chern-
Simons terms. Furthermore, we have ignored all dependencies on, say, the extrinsic curvature
of the boundary since it is not relevant to the discussion below.3 Since the Christoffel symbols
are symmetric in their last two indices, the tensors L and X are well defined only up to tensors
which are anti-symmetric in their first two indices. In what follows we will fix this ambiguity
by demanding that
Labc = −Lacb,
Xµλν = X
λµ
ν .
(2.12)
Converting the variation of the Christoffel symbols in (2.11) to metric variations we can
write
δS
∫
M2n+1
ICS2n+1 =
∫
M2n+1
d2n+1x
√−g
2n+1
{
JaδAa +∇cLabcδgab
}
+
∫
∂M2n+1
d2nx
√−g
{
PµBZδAµ +
1
2
PµνBZδgµν
}
, (2.13)
with
PµBZ = Y
µ, PµνBZ ≡ −
1
2
∇λ
(
Xλµν +Xλνµ −Xµνλ
)
, (2.14)
and Greek indices are raised and lowered with the metric gµν . In the equations above we
have again dropped extrinsic contributions to PµνBZ (of the form L
µ⊥ν +Lν⊥µ coming from an
integration by parts) .
3This involves the following assumption. The contractions in the boundary terms involve only the sum over
the boundary indices. While this is sufficient for our purposes, we warn the reader that a more careful treatment
of such extrinsic terms is required in many other instances. For example when carrying out computations in
the framework of the AdS/CFT correspondence such terms (along with other Gibbons-Hawking like terms)
give a finite gauge(or diffeomorphism)-invariant contribution to the dual stress tensor [30].
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We are now in a position to define the covariant currents as the variation of Wcov with
respect to the gauge fields and metric on ∂M2n+1,
Jµcov ≡
1√−g
δWcov
δAµ
= Jµcons + P
µ
BZ ,
T µνcov ≡
2√−g
δWcov
δgµν
= T µνcons + P
µν
BZ .
(2.15)
By construction these currents transform covariantly under gauge transformations and dif-
feormorphisms (they were obtained by varying an invariant functional). In other words, the
non-covariant transformations of PµBZ and P
µν
BZ under gauge transformations and diffeomor-
phisms exactly compensates for the non covariant transformation properties of the consistent
currents, implying that the covariant currents transform covariantly as advertised. The cor-
rections PµBZ and P
µν
BZ that come from varying the bulk Chern-Simons terms are are often
termed the Bardeen-Zumino currents or Bardeen-Zumino polynomials [47] which is the reason
for the subscript ‘BZ’ in our notation.
Let us turn to the conservation laws for the covariant currents. To compute these con-
servation laws we need to express the divergence of the Bardeen-Zumino currents in terms of
T µν and J defined in (2.5). This computation can be carried out by using (2.13) to evaluate
the gauge and diffeomorphism variation of
∫
ICS2n+1. Since the variation of the Chern-Simons
term gets contributions only from the boundary we find,
δλ
∫
M2n+1
ICS2n+1
= −
∫
∂M2n+1
d2nx
√−g ξµ
(
∇νPµνBZ −∇νL⊥µν − FµνP νBZ +Aµ
[
∇νP νBZ − J⊥
])
−
∫
∂M2n+1
d2nx
√−g Λ(∇µPµBZ − J⊥) . (2.16)
Comparing (2.16) against (2.5) we get
∇µPµBZ = J⊥ − J ,
∇νPµνBZ = FµνP νBZ + JAµ +∇νL⊥µν + gµν
1√−g ∂λ
[√−g T λν] . (2.17)
Finally, combining (2.17) with (2.9) we find
∇µJµcov = J⊥,
∇νT µνcov = FµνJνcov +∇νL⊥µν .
(2.18)
An alternate way of deriving the conservation law (2.18) is to begin with the variation of
– 9 –
Wcov with respect to an arbitrary variation in sources
δSWcov = δSW [∂M2n+1] + δS
∫
M2n+1
ICS2n+1
=
∫
M2n+1
d2n+1x
√−g
2n+1
{
JaδAa +∇cLabcδgab
}
+
∫
∂M2n+1
d2nx
√−g
{
JµcovδAµ +
1
2
T µνcovδgµν
}
, (2.19)
and then demand that the gauge and diffeomorphism variation of Wcov vanish. From this
derivation it is clear that the covariant anomaly equations (2.18) can be thought of as the
conservation laws for the covariant charge applied toM2n+1 and its boundary. This anomaly
inflow phenomenon is often called the Callan-Harvey anomaly inflow mechanism [44,48–50].
While not relevant for this work, before we move on to particular examples, we note that
we can always define a canonically conserved energy-momentum tensor
T µνconserved ≡ T µνcov − L⊥µν ,
such that
∇µJµcov = J⊥,
∇νT µνconserved = FµνJνcov,
T µνconserved − T νµconserved = −2L⊥µν ,
(2.20)
where the last equation can be interpreted as the Lorentz anomaly—the non-conservation
of the angular momentum current. Thus, −2L⊥µν can be thought of as the rate at which
angular momentum is injected into the system. This demonstrates the well-known result in
the theory of gravitational anomalies: we can always trade a diffeomorphism anomaly for a
Lorentz anomaly.
Note that to study gravitational anomalies one needs to necessarily place the 2n dimen-
sional theory on a non-Minkowski background without Poincare invariance and hence we need
to clarify what we mean by ‘angular momentum’ in the discussion above. Consider a Killing
vector which generates a symmetry of the given gauge and gravitational background. More
precisely, we define a vector Kµ and a corresponding U(1) gauge transformation parameter
ΛK such that
£Kgµν = ∇µKν +∇νKµ = 0,
£KAµ +∇µΛK = KνFνµ +∇µ (KνAν + ΛK) = 0 .
(2.21)
According to Noethers theorem there exists a Noether Current
JµK = KνT
νµ
conserved + (K
νAν + ΛK) J
µ
cov, (2.22)
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whose diveregence can be worked out using (2.20) to be
∇µJµK =
1
2
T νµconserved£Kgµν + (£KAµ +∇µΛK) Jµcov
− 1
2
L⊥µν(∇µKν −∇νKµ) + J⊥ (KνAν + ΛK).
(2.23)
The first line of the above equation vanishes because of our assumption in (2.21) whereas
for the second line to vanish either the background should have the anomalies turned off
i.e., J⊥ = 0 and L⊥µν = 0 or an extra restriction needs to be satisfied by ΛK and K
µ, i.e.,
∇µKν −∇νKµ = 0 and KνAν + ΛK = 0.
Thus, the Noether currents corresponding to curl-free Killing vectors (‘momentum-like
Noether charges’) can still be conserved in the presence of gravitational anomalies whereas the
Noether currents corresponding to Killing vectors which are not curl-free (‘angular momentum-
like Noether charges’) get a contribution to their divergence proportional to L⊥µν . This is
the precise meaning of the statement that the theory placed on a non-trivial gauge and grav-
itational background exhibits a Lorentz anomaly given by −2L⊥µν .
So far, we have characterized gauge and diffeomorphism anomalies in 2n dimensions using
a 2n + 1 dimensional Chern Simons form. The most convenient way to characterize 2n + 1
dimensional Chern-Simons forms is to construct a 2n+ 2 form
Panom = dICS2n+1. (2.24)
which we call the anomaly polynomial of the theory. This anomaly polynomial is an index-like
object built out of the Chern classes of F and Pontryagin classes of R. Given an anomaly
polynomial Panom encoding the anomalies of a theory, one can reconstruct the Chern-Simons
form ICS2n+1 and from it the anomalous behavior of the stress tensor and current.
2.2 Two dimensional theories
The anomaly polynomial of an arbitrary theory in d = 2 is a 4-form given by
Panom[F,R] = csF ∧ F − 8π2cgp1(R) = csF ∧ F + cgtr(R ∧R), (2.25)
where p1 is the first Pontryagin class
p
1
(R) ≡ − 1
8π2
tr(R ∧R) , (2.26)
and tr denotes a trace over the Lorentz indices. The coefficient of the pure U(1)2 Schwinger
anomaly is denoted cs and cg is the coefficient associated with the pure gravitational anomaly.
Given an arbitrary theory with chiral bosons and (or) fermions, cs and cg in the anomaly
polynomial can be computed using
cs = − 2π
2!(2π)2
∑
i=species
χi
(
q2i
)
1/2
,
cg = − 2π
4!(8π2)
∑
i=species
χi
(
10 + 11/2
)
,
(2.27)
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where χi denotes the chirality (we assign right handed fermions positive chirality), q denotes
the charge and the subscripts {0, 1/2} represent the contribution from a chiral scalar and a
Weyl-fermion respectively. The contribution of a Majorana-Weyl fermion is half that of a
Weyl-fermion of the same chirality. The sum above is performed over each species where each
particle/anti-particle pair contributes one term to the sum. In particular for a 2d-CFT with
a U(1) symmetry, we have
cs = − 2π
(2π)2
(kR − kL),
cg = − 2π
4!(8π2)
(cR − cL),
(2.28)
where kR/L are the right/left U(1) Kac-Moody levels and cR/L are the right/left Virasoro
central charges.
The Chern-Simons form corresponding to the anomaly polynomial (2.25) is
ICS3 = csA ∧ F + cgjCS . (2.29)
where we have defined the gravitational Chern-Simons 3-form
jCS ≡ tr
[
Γ ∧ dΓ + 2
3
Γ ∧ Γ ∧ Γ
]
, (2.30)
such that djCS = tr(R ∧R). The gauge and diffeomorphism transformation of these Chern-
Simons terms is given by
δλ
∫
M3
ICS3 =
∫
∂M3
[
csΛF + cg(∂λξ
ν)dΓλν
]
. (2.31)
Comparing (2.31) with (2.5) we get
J = cs 1
2
ǫαβFαβ ,
T λν = cgǫαβ∂αΓλνβ .
(2.32)
Thus,
∇µJµcons = cs
1
2
ǫαβFαβ,
∇νT µνcons = FµνJconsν − cs
1
2
ǫαβFαβA
µ − cg gµν 1√−g ∂λ
[√−gǫαβ∂αΓλνβ] . (2.33)
To obtain the covariant current we vary the Chern-Simons forms with respect to the
sources,
δS
∫
M3
ICS3 =
∫
M3
{
2csδA∧F +2cgtr(δΓ ∧R)
}
+
∫
∂M3
{
csδA∧A+ cgδΓνλ ∧ Γλν
}
. (2.34)
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Comparing (2.34) against (2.11) we can read off the covariant anomaly and the Bardeen-
Zumino currents
J⊥ = 2cs
1
2
ǫαβFαβ ,
L⊥µν = 2cg
1
2
ǫαβRµναβ,
PµBZ = csǫ
µνAν ,
Xµλν = cgǫ
µρΓλνρ + cgǫ
λρΓµνρ,
PµνBZ = −
1
2
∇λ
(
Xλµν +Xλνµ −Xµνλ
)
,
(2.35)
The covariant anomaly equations (2.18) become
∇µJµcov = 2cs
1
2
ǫαβFαβ ,
∇νT µνcov = FµνJcovν + 2cg ∇ν
[
1
2
ǫαβRµναβ
]
.
(2.36)
In two dimensions the Riemann tensor satisfies an identity
ǫαβRµναβ = ǫ
µνR
which can be used to bring the above equations to a more familiar form
∇µJµcov = 2cs ǫαβ∂αAβ,
∇νT µνcov = FµνJνcov + cg ǫµν∇νR.
(2.37)
2.3 Four dimensional theories
We now turn to four-dimensional theories. The anomaly polynomial 6-form of an arbitrary
4-dimensional theory can be written in the form
Panom[F,R] = cAF ∧ F ∧ F − 8π2cmF ∧ p1(R) = cAF ∧ F ∧ F + cmF ∧ tr(R ∧R), (2.38)
where c
A
is the U(1)3 triangle anomaly coefficient and cm is the mixed U(1)-gravitational
anomaly coefficient. Given a theory with chiral fermions, these coefficients can be calculated
via
c
A
= − 2π
3!(2π)3
∑
i=species
χi(q
3
i )1/2,
cm = − 2π
4!(8π2)(2π)
∑
i=species
χi(qi)1/2 .
(2.39)
The Chern-Simons form corresponding to the anomaly polynomial above is
ICS5 = A ∧ [cAF ∧ F + (1− α)cmtr(R ∧R)] + αcmF ∧ jCS . (2.40)
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where jCS is the gravitional Chern-Simons 3-form defined in (2.30) and α is a parameter
which determines how the mixed anomaly is shared between the U(1) and the gravitational
transformations. It corresponds to a gauge and diffeomorphism non-invariant contact term
in the consistent generating function, Wα = −
∫
αcmA ∧ jCS . At α = 1 the mixed anomaly
is completely associated with diffeomorphism transformations whereas for α = 0 the mixed
anomaly is completely associated with U(1) gauge transformations. This becomes clear if one
works out the gauge and diffeomorphism transformation of the Chern-Simons form
δλ
∫
M5
ICS5 =
∫
∂M5
Λ [c
A
F ∧ F + (1− α)cmtr(R ∧R)] +
∫
∂M5
α cmF ∧ dΓλν(∂λξν) . (2.41)
Comparing (2.41) with (2.5) we get
J = 1
4
ǫκσαβ
[
c
A
FκσFαβ + (1− α)cmRνλκσRλναβ
]
,
T λν = α cm 1
2
ǫκσαβFκσ∂αΓ
λ
νβ ,
(2.42)
so that the consistent anomaly equations (2.9) become
∇µJµcons =
1
4
ǫκσαβ
[
c
A
FκσFαβ + (1− α)cmRνλκσRλναβ
]
,
∇νT µνcons = FµνJνcons −
1
4
ǫκσαβ
[
c
A
FκσFαβ + (1− α)cmRνλκσRλναβ
]
Aµ
− α cm gµν 1√−g ∂λ
[√−g 1
2
ǫκσαβFκσ∂αΓ
λ
νβ
]
,
(2.43)
The variation of the Chern-Simons term with respect to sources is given by
δS
∫
M5
ICS5 =
∫
M5
{
δA ∧ [3c
A
F ∧ F + cmtr(R ∧R)] + 2cmtr(δΓ ∧R) ∧ F
}
+
∫
∂M5
δA ∧
{
2c
A
A ∧ F + α cmjCS
}
+
∫
∂M5
δΓνλ ∧
{
α cmF ∧ Γλν + 2(1− α)cmA ∧Rλν
}
,
(2.44)
from which we can read off the covariant anomaly and the Bardeen-Zumino currents using
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(2.11)
J⊥ =
1
4
ǫκσαβ
[
3c
A
FκσFαβ + cmR
ν
λκσR
λ
ναβ
]
,
L⊥µν = 2cm
1
4
ǫκσαβFκσR
µν
αβ,
PµBZ = 2cA
1
2
ǫαβµνFαβAν + α cmj
µ
CS ,
jµCS ≡ ǫµνκσ
[
Γλρν∂κΓ
ρ
λσ +
2
3
ΓλανΓ
α
ρκΓ
ρ
λσ
]
,
Xµλν = α cm
1
2
[
ǫµρκσΓλνρ + ǫ
λρκσΓµνρ
]
Fκσ
+ 2(1− α)cm 1
2
[
ǫµρκσRλνκσ + ǫ
λρκσRµνκσ
]
Aρ,
PµνBZ = −
1
2
∇λ
(
Xλµν +Xλνµ −Xµνλ
)
.
(2.45)
The covariant anomaly equations (2.18) are now given by
∇µJµcov =
1
4
ǫκσαβ
[
3c
A
FκσFαβ + cmR
ν
λκσR
λ
ναβ
]
,
∇νT µνcov = FµνJνcov + 2cm ∇ν
[
1
4
ǫκσαβFκσR
µν
αβ
]
.
(2.46)
Note that the final covariant anomaly equations do not depend on the parameter α, which
should not surprise us as α corresponds to a local counterterm. We see that the mixed
anomaly is symmetrically shared between the U(1) and gravitational currents.
3. The Euclidean generating functional
In this section we review the method by which the Euclidean partition function for theories
in thermodynamic equilibrium may be constructed in terms of a functional of the sources.
Most of the material contained here is a shortened version of [19, 39] to which we refer the
reader for more details.
3.1 The generating function
We begin by reviewing the arguments presented in [39] used to construct the generating
function of a thermodynamic theory. Consider a Lorentz-invariant quantum field theory in
d space-time dimensions at nonzero temperature T in flat space. Generically, the real-space
Euclidean correlators of this theory will decay exponentially at large distances implying that
the screening lengths ξi of the theory,
〈O(τ,x)O(τ,0)〉 ∼ exp (−|x|/ξ) , (3.1)
are finite. The assumption that the correlation length is finite implies that, for example, we
are not at a critical point of the theory, or that there are no unscreened long-range forces as in
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QED. Instead of screening lengths, one may consider screening masses which are given by the
location of the poles of the momentum-space zero-frequency Euclidean correlation functions
along the imaginary momentum axis. The screening lengths are inversely proportional to the
screening masses.
From (3.1) it follows that the zero-frequency correlation functions of the theory are an-
alytic at zero spatial momentum. We then define truncated correlation functions by Taylor-
expanding all zero-frequency correlation functions to mth order around zero spatial momen-
tum. The position-space truncated correlators may then be obtained by varying a generating
function: an integral of a local functional of background fields, which we denote Wm. In a
theory with local gauge and diffeomorphism invariance, Wm may be written as an integral
of gauge and differmorphism invariant (up to boundary terms) scalars. In the presence of
anomalies, appropriate local (but Lorentz breaking) terms may be introduced into Wm in
order to account for its anomalous variation as described in section 2.1.
Due to the non-analytic behavior of Euclidean correlators in the complex momentum
plane, one can expect the derivative expansion to have a finite radius of convergence at
best. Nevertheless, one may always carry out a formal expansion of the Euclidean generating
function around the origin to arbitrary order. A resummation of this series will presumably
uncover the poles or branch cuts of W . Terms which are non-analytic at zero momentum,
e.g., e−1/k, will not be accounted for in our construction and must be included by hand when
studying properties of the theory which go beyond the derivative expansion. We will discuss
the role that such terms play in our analysis in sections 4 and 5.
Put differently, were we able to resum the derivative expansion and uncover all non-
analytic contributions, we would have obtained the equilbirum partition function. By equilib-
rium partition function we mean the Euclidean partition function evaluated on a background
with time independent sources. In practice this resummation is unfeasible, but even in con-
figurations where the derivative expansion breaks down one may still extract information
about correlation functions without performing the resummation. We follow this method in
sections 4 and 5.
To make the construction of Wm explicit, consider a Euclidean theory defined on a
manifold Md = S1 ×f Md−1, where the S1 is the time circle which may be fibered non-
trivially over the spatial manifold Md−1. Let t denote time and V = ∂t, i.e., V µ is the
vector whose integral curves give the time circle. In thermal equilibrium we demand that
£V = 0: the Lie derivative of all sources with respect to V vanish. Consequentially V is a
Killing vector. The generating function Wm may be constructed of all possible gauge and
diffeomorphism invariant combinations of the metric, gauge field, Killing vector V and non-
local quantities which may be constructed using V , namely the inverse length of the time
circle T−1 =
∫ β
0
√−V 2dτ , which we identify with the temperature, and the Polyakov loop
PA = exp(
∫ β
0 AµV
µdτ). Here τ = it denotes Euclidean time. We find it convenient to replace
V µ with the fluid velocity uµ = V µ/
√−V 2 and the Polyakov loop with a chemical potential
µ = T lnPA.
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Our conventions are such that varyingW with respect to the sources as in (2.7) will result
in real one-point functions in Lorentzian signature. That is, we work with a Wick rotated
generating function. If we denote the partition function of the theory by Z then we define
W = −i lnZ. By construction, all the covariant n point functions transform covariantly when
Wick rotating to or from Euclidean time.
Let us work out a simple example in detail. We wish to construct the generating function
of a parity preserving theory to first order in the derivative expansion. To do so, we must
enumerate all possible scalar expressions which have zero or one derivatives acting on gauge
and diffeomorphism invariant combinations of T , µ, gµν and Aµ. Consider the identities,
∇µuν = −uµaν +Ωµν , ∇µT = −Taµ, ∇µµ = −µaµ + Eµ, (3.2)
where we have defined
aµ = u
ν∇νuµ, Ωµν = 1
2
∆µρ∆νσ(∇ρuσ −∇σuρ), ∆µν = gµν + uµuν , Eµ = Fµνuν .
(3.3)
These identities follow from the fact that £V = 0 when acting on sources. The vector a
µ is
the acceleration vector, Ωµν is the vorticity tensor, and Eµ is the electric field. Since aµ, Ωµν ,
and Eµ are all transverse to uµ, there are no local gauge-invariant scalars with one derivative.
Thus,
W1 =
∫
ddx
√−gP (T, µ) . (3.4)
We refer the reader to [39] for more details.
In [19] an alternate method was used to obtain the generating function. By choosing
coordinates such that V = ∂t, the d-dimensional metric may be written as
g = −e2σ(x)(dt+ ai(x)dxi)2 + g(d−1)ij (x)dxidxj , (3.5)
where g
(d−1)
ij is the metric of the spatial manifold Md−1. The authors of [19] constructed
the generating function on Md−1 by Wick-rotating to Euclidean signature and then dimen-
sionally reducing on the time circle. The dimensionally reduced generating function may be
constructed out of the the dimensionally reduced metric, the gauge field, and the Kaluza-
Klein (KK) photon ai. For instance, as discussed in section 2.2 of [19], in order to preserve
gauge invariance, KK invariance, and preserve the form (3.5) the spatial components of the
gauge field, Ai must appear in the combination,
4
Ai = Ai − aiA0. (3.6)
The main difference between the methods of [39] and those of [19] are in the symmetries which
are made manifest. In [39] the full d-dimensional diffeomorphism and gauge invariances are
apparent, while in [19] the spatial diffeomorphisms and the symmetry generated by V are
clearly visible.
4In the language of [19] we have Aµours = Aµtheirs, Tours = exp(−σ)/β
∣∣∣
theirs
, µours = exp(−σ)A0
∣∣∣
theirs
.
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3.2 Chern-Simons contributions to the generating function
As we have alluded to in the previous section, in addition to scalars built out of gauge-invariant
tensors, we may add to the generating function terms which are gauge and diffeomorphism-
invariant up to boundary terms. We presently classify all such terms, as they will play a
crucial role in the sections to come. Given a conserved, gauge-invariant current Xµ which is
transverse to uµ we may construct
WX =
∫
ddx
√−g (c1AµXµ + c2X0) , (3.7)
where the ci are constants and we choose coordinates so that V = ∂t. (If X
µ is parallel to uµ
then both terms in (3.7) reduce to scalar expressions.) The first term on the right hand side of
(3.7) is gauge invariant up to boundary terms. The second term is diffeomorphism-invariant
up to boundary terms due to the fact that V is Killing. Since A0 is odd under CPT, either
c1 or c2 should vanish in a CPT preserving theory.
In the approach of [19] (3.7) may be rewritten in the form
WX = β
∫
dd−1x
√
g(d−1)
(
c1AiX i − c2aiX i
)
, (3.8)
where we have defined the Kaluza-Klein invariant covector Xi = eσ (Xi − aiX0). Since
Xµu
µ = 0 by definition then Xi reduces to Xi = eσXi. In this notation the spatial indices i, j
are raised and lowered with the spatial metric g
(d−1)
ij defined in (3.5) and its inverse.
If we denote the Hodge star operator on Md−1 by ∗ and treat Ai and Xi as one-forms
then (3.8) can be recast as
WX = β
∫
c1A ∧ ∗X − c2a ∧ ∗X . (3.9)
We would like to argue that ∗X must either be a product of Chern classes of A and a (dA and
da) and Pontryagin classes of the Riemann tensor, or that (3.9) reduces to the gauge-invariant
scalars and pseudo scalars described in section 3.1.
Conservation of Xµ implies that X is conserved, d ∗ X = 0. On a spatial manifold with
trivial topology there are no non-trivial cohomology groups and every closed form is exact.
Thus, ∗X = dY. If Y is gauge-invariant then after integrating (3.9) by parts we obtain
WX = β
∫
c1dA ∧ Y − c2da ∧ Y , (3.10)
implying that (3.8) may be rewritten in terms of the gauge-invariant scalar contributions to
W described in Section 3.1. If Y is not gauge invariant, then dY must be gauge invariant in
which case the gauge variation of Y, δλY must be exact on a topologically trivial manifold,
δλY = dZ. Thus, Y must a linear combination of d − 3-dimensional Chern-Simons forms
implying that ∗X = dY is a product of Chern classes of the U(1) gauge fields and Pontryagin
classes of the spatial metric. Put differently, the terms in (3.8) are genuine Chern-Simons
terms on Md−1.
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4. Thermodynamics in two dimensions
In the following sections we will construct the most general Euclidean generating functional
for a two-dimensional Lorentz-invariant theory to second order in derivatives. In section 4.1
we construct the most general generating function to second order in the derivative expansion
and derive the appropriate constitutive relations.
We place our theory on a Euclidean cone with metric
ds2 = dr2 + r2dτ2, (4.1)
where τ has periodicity τ ∼ τ + 2πδ and it parameterizes the Euclidean time circle. The
parameter δ is related to the deficit angle of the cone, 2π(1−δ), thereby interpolating between
a cylinder (δ → 0) associated with a thermal state of the theory, and R2 (δ → 1) associated
with the Euclidean vacuum. The expectation value of the stress tensor in the Euclidean
vacuum vanishes in a conformal theory, and is proportional to the metric in more general
theories. This property of the stress tensor imposes restrictions on the thermal theory, as we
now show.5
4.1 The generating functional and constitutive relations
Consider a two dimensional relativistic theory on a manifold M with metric gµν in the
presence of a gauge field Aµ. We wish to construct the thermal partition function for this
theory up to second order in the derivative expansion following the algorithm presented in
Section 3. To this end, we need to enumerate all possible scalars, pseudo scalars and conserved
currents to second order in the derivative expansion assuming that the Lie derivative of the
metric and gauge field vanish for a timelike vector V µ. We have listed all gauge-invariant
scalars, pseudo scalars and conserved currents to second order in the derivative expansion in
Table 1. The alert reader may note that no components of the Riemann tensor appear in
Table 1. This is because of the fact that, in a two-dimensional time-independent background,
the Riemann tensor is given by
Rµνρσ =
(s5
T
− s1
)
(gµρgνσ − gµσgνρ) , (4.2)
where s1 and s5 are defined in Table 1, and so the Riemann tensor is not independent. Thus,
to second order in derivatives the most general generating functional takes the form
W2 =
∫
d2x
√−g
(
P (T, µ) + c˜2dβ
−1X0 + s˜1α˜1(T, µ) +
3∑
i=1
siαi(T, µ)
)
. (4.3)
We have not included the scalars s4 and s5 in (4.3) since they are total derivatives which, after
partial integration, contribute to α1 and α3. Similarly, there exists a linear combination of
5The δ → 0 limit seems somewhat singular in the coordinate system (4.1). This can be remedied by going
to a coordinate system defined such that r = R
δ
e
δρ
R and θ = φ δ which is valid for any non zero δ where the
line element takes the form ds2 = e
2δρ
R
(
dρ2 +R2dφ2
)
whose δ → 0 limit gives us the cylinder.
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s˜1 and s˜2 which vanishes after integrating by parts. Thus, we have omitted a term involving
s˜2. The coefficient of the Chern-Simons term X
0 has been denoted c˜2d to distinguish it from
the coefficient of the Chern-Simons term of a four dimensional theory to be introduced in the
next section.
1st order 2nd order conserved currents
s˜1 = ∇µu˜µ s1 = aµaµ Xµ = T u˜µ
s˜2 = ǫ
µνFµν s2 = FµνF
µν
s3 = ∇µT∇µ µT
s4 = ∇µ∇µ µT
s5 = ∇µ∇µT
Table 1: A list of all gauge-invariant scalars and conserved currents formed out of the background
fields and V with at most two derivatives. The quantities uµ, T , µ and aµ were defined in Section 3.1.
The transverse vector u˜µ is defined through u˜µ = ǫµνuν.
If the theory has a U(1) or a gravitational anomaly then we must add to the generating
function extra terms which break gauge and diffeomorphism invariance such that the resulting
current and stress tensor are anomalous. We find that the appropriate terms we need to add
to the generating function are given by
WA =
∫
d2x
√−g
(
−csµAµu˜µ − cguαuβǫµν∂µΓαβν
)
. (4.4)
In [23] the second expression in (4.4) has been obtained by integrating the equations of
motion. The covariant energy momentum tensor T µνcov and current J
µ
cov are given by (2.15)
with W = W2 +WA, and one can check that the resulting (non)conservation equations are
given by (2.37),
∇µJµcov = csǫµνFµν , ∇µT µνcov = F νρJρcov + cgǫνρ∂ρR. (4.5)
An explicit computation gives the one-point functions of the covariant current and stress
tensor to be
Jµcov = Ru
µ + R˜u˜µ, T µνcov = Euµuν + Pu˜µu˜ν + θ (uµu˜ν + uν u˜µ) (4.6)
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where we define u˜µ was defined in the caption of table 1 and
R =
∂P
∂µ
+
∂α˜1
∂µ
s˜1 +
(
∂α1
∂µ
− µ∂α3
∂µ
− T ∂α3
∂T
)
s1 − ∂α2
∂µ
s2 + 4
(
2α2 + µ
∂α2
∂µ
+ T
∂α2
∂µ
)
s3 + 4Tα2s4 − α3
T
s5 ,
R˜ =− 2csµ ,
E =− P + µ∂P
∂µ
+ T
∂P
∂T
− 1
2
∂α˜1
∂µ
s˜2 +
(
α1 − µ∂α1
∂µ
− T ∂α1
∂T
)
s1 +
(
α2 + µ
∂α2
∂µ
+ T
∂α2
∂T
+
1
2
∂α3
∂µ
)
s2
−
(
α3 + 2
∂α1
∂µ
)
s3 − Tα3s4 − 2α1
T
s5, (4.7)
P =P − α1s1 − α2s2 − α3s3,
θ =c˜2dT
2 − csµ2 + 2cg
T
s5 .
4.2 Conformal theories
In a conformal theory and in the absence of anomalies, the generating function must be invari-
ant under Weyl rescalings of the metric. In terms of the parameters in (4.3) we find that this
implies that P = T 2p0(µ/T ), α˜1 = 0,
6 α1 = α3 = 0 and that α2 = a2(µ/T )/T
2. In addition
to Weyl-invariance, conformal symmetry enlarges the U(1) gauge symmetry to a doublet of
current algebras for a left-moving and right-moving current. This doublet gives additional
constraints on the generating functional, owing to the independent conservation laws for the
chiral currents. For instance, the chiral anomaly fixes the dynamics of U(1) currents when in
the high temperature limit, when the chemical potential vanishes, or when the U(1) is non-
compact [31, 51]. (Compact U(1)s may be more interesting due to non-perturbative effects,
like the twisting of winding modes in the presence of a chemical potential.) In the remainder
of this section we will ignore the effects of the doublet of current algebras and leave them for
future inquiry.
In the absence of a U(1) current we would have a2 = 0 so that all first and second order
terms in the derivative expansion are excluded. In fact, conformal invariance precludes us
from writing any higher derivative correction to the generating function. Indeed, suppose that
there exists a scalar expression which contributes to the generating function. Such a scalar
must be constructed out of the Weyl tensor Wµνρσ, the velocity field uµ, the temperature T
and their gradients. Since gradients of Weyl covariant quantities generate non Weyl covariant
expressions it is convenient to trade the gradient ∇µ with a Weyl covariant one ∇Wµ defined in
[52]. Since ∇Wµ uν = 0, ∇Wµ T = 0 and the Weyl tensor identically vanishes in two dimensions,
there are no Weyl-covariant tensors with one or more derivatives. A moment’s thought also
shows that we may not add any terms non-analytic in derivatives either. Furthermore, the
analysis of section 3.2 implies that there are no conserved currents other than Xµ defined in
6In practice, if we set α˜1 = α˜1(T ) then the expression
√−gα˜1s˜1 becomes a total derivative and does not
contribute to the energy momentum tensor and current. Similarly, had we used α2(µ/T )s˜2 in place of α1(T )s˜1
we would have found that it contributes only to a boundary term.
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table 1. It then follows that the equilibrium partition function of an uncharged conformal
fluid contains only the pressure and anomaly terms.
Often, the Weyl symmetry of a conformal theory will be anomalous. This anomaly
manifests itself as a non-vanishing trace of the stress tensor
(Tcov)
µ
µ = cwR , (4.8)
where cw is proportional to the central charge as defined in (1.9) and R is the Ricci scalar.
The Weyl anomaly (4.8) can be generated by allowing for a non-Weyl covariant contribution
to the generating function of the form α1 = cw. Thus, in the presence of gravitational, gauge
and Weyl anomalies, the generating functional of a conformal theory will take the form
W2 =
∫
d2x
√−g
(
T 2p0 (µ/T ) + c˜2dβ
−1X0 +
a2(µ/T )s2
T 2
+ cws1
)
+WA , (4.9)
whereWA was given in (4.4). Using (4.7) we can write the resulting energy momentum tensor
and current in the form
R =
∂P
∂µ
− a
′
2
T 3
s2 +
4a2
T
s4,
R˜ =− 2csµ,
E =p0T 2 + cws1 − a2
T 2
s2 − 2cw
T
s5,
P =p0T 2 − cws1 − a2
T 2
s2,
θ =c˜2dT
2 − csµ2 + 2cg
T
s5 .
(4.10)
Note that
∇µ∇µ µ
T
=
1√−g ∂µ
√−ggµν∂ν µ
T
(4.11)
transforms homogeneously under Weyl transformations with weight +2 in two dimensions.
As explained previously, in the absence of a U(1) current the relation (4.10) is exact. We note
that relation (4.10) is exact also in the absence of an external electric field wherein gradients
of the chemical potential are proportional to the acceleration such that ∇α (µ/T ) = 0 (and
then s2 = s4 = 0).
Let us place our theory on a cone with line element
ds2 = dr2 + r2dτ2, (4.12)
with τ ∼ τ+2πδ so that 2π(1−δ) is the deficit angle of the cone. The limit δ → 1 corresponds
to Euclidean space and δ → 0 corresponds to the cylinder. Treating the angular coordinate
as the Euclidean time direction, the temperature of the theory on the cone is given by
T−1 = 2πδr . (4.13)
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Thus, we have, for example, ∇µT−1∇µT−1 = 4π2δ2, and the gradient expansion on the cone
breaks down. Despite the breakdown of the derivative expansion, the theory on the cone is
in a type of time-independent equilibrium state. In this time-independent state, we continue
to formally define the temperature T as the inverse length of the time circle. As we have just
argued, the generating function W is the most general Euclidean generating function on can
write down for a two dimensional conformal theory. Therefore, its variation will correctly
capture the expectation value and current at least far from the tip of the cone.
For an uncharged conformal theory on the cone,
T µνcov = (p0 − 4π2cwδ2)T 2(2uµuν + gµν) + (c˜2d + 8π2δ2cg)T 2(uµu˜ν + uν u˜µ) . (4.14)
In the limit where δ = 1 we expect to recover the energy momentum tensor in the Euclidean
vacuum of a conformal theory on R2 which should vanish. Thus,
p0 = 4π
2cw , (4.15a)
c˜2d = −8π2cg . (4.15b)
We note in passing that instead of placing the theory on a cone, one could have placed the
theory on a punctured plane R2/{0, 0} and carried out the entire calculation by setting δ = 1
from the outset. One would then require that after adding the missing point at the origin,
the stress tensor (4.15) should coincide with the stress tensor of the Euclidean vacuum, i.e., it
should vanish. We make some further comments about this alternate viewpoint in section 6.2.
Once there is a U(1) current, we need to account for higher derivative terms in the
generating functional and one might worry that these will spoil (4.15b). However, we are
interested only in those terms which do not vanish when we set the external gauge field to zero
so the only worrisome terms which we need to account for are those that contain gradients
of the chemical potential. As noted previously, in the absence of an external electric field
∇α(µ/T ) = 0. Thus, (4.15a) remains valid to leading order in the chemical potential, and
(4.15b) does not get corrected
p0 = 4π
2cw +O(µ) , c˜2d = −8π2cg .
4.3 Non-conformal theories
An important ingredient in obtaining (4.15) was the absence of higher derivative contributions
to the generating function. Had there been higher derivative corrections to the generating
function, the breakdown of the derivative expansion on the cone would have forced us to
consider the possible contribution of any such corrections to the energy momentum tensor.
We now turn to such considerations.
Using (4.7) to compute T τrcov explicitly, we find
T τrcov = i
c˜2d + 8π
2δ2cg
4π2r3δ2
. (4.16)
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We would like to argue that T τrcov does not receive corrections at any finite order in the
derivative expansion. To this end, consider the perturbed cone, given by
g = dr2 + r2dτ2 + hτr(r)drdτ . (4.17)
That corrections to T τrcov are absent amounts to the statement that there are no scalars or
conserved currents which we can add to the generating function which are linear in hτr. We
will now prove such a statement.
In the absence of external gauge fields, the tensors that may contribute to the Euclidean
generating functional are built out of uµ, T , µ, Rµνρσ , and derivatives thereof. In two dimen-
sions the vorticity tensor vanishes so that the general expression (3.2) becomes
∇µT = −Taµ, ∇µ µ
T
= 0 ∇µuν = −uµaν . (4.18)
The Riemann tensor in two dimensions takes the form (4.2), and on the cone, to linear order
in hτr,
∇µaν = −uµuνa2 − aµaν . (4.19)
Thus, the most general scalar expression in a two dimensional thermodynamic theory may
be constructed out of aµ, uµ, the metric gµν and the epsilon tensor ǫµν (and no derivatives).
A quick computation then shows that one can not construct a scalar linear in hτr. Following
the discussion in section 3.2 there are no conserved currents in two dimensions other than Xµ
which will contribute non trivially to the generating function. Therefore, at any finite order
in the derivative expansion there are no gauge or diffeomorphism invariant expressions which
can contribute to T τr on the cone in the absence of sources. We also note that our argument
precludes local non perturbative terms from contributing to T τr as well. For example, an
expression of the form e−
Tn
s , with T the temperature s a scalar and n some number, can not
contribute to T τr since s has no contribution linear in hτr when evaluated on the background
(4.17).
At δ = 1, T τrcov should vanish by the translational invariance of the Euclidean vacuum.
Since T τrcov is given precisely by (4.16) then requiring it to vanish in the limit δ → 1 implies
that
c˜2d = −8π2cg .
This demonstrates our claim that (4.15b) remains valid for non conformal theories.
5. Four dimensional theories
We move our attention to four dimensional theories with anomalies. We start by constructing
the gauge and diffeomorphism invariant generating function to first order in derivatives. As
mentioned in Section 3.1, there are no local gauge-invariant scalars with one derivative but
there is one (and only one) CPT preserving Chern-Simons term of the type described in
section 3.2 given by a ∧ dA. The corresponding conserved current is
Xµ1 = T (B
µ + µωµ) , (5.1)
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where the magnetic field Bµ and vorticity ωµ are defined by
Bµ =
1
2
ǫµνρσuνFρσ, ω
µ = ǫµνρσuν∇ρuσ , (5.2)
In the absence of anomalies, the generating function to first order in derivatives is given by
W1 =
∫
d4x
√−g (P (T, µ) + c˜4dβ−1X01) . (5.3)
The alert reader will note that there exists an additional conserved current Xµ2 = T
2ωµ which
arguably contributes to the generating function a term of the form WX =
∫
d4x
√−gc˜AµXµ2 .
However, the scalar AµX
µ
2 corresponds to the Chern-Simons term A∧ da which is equivalent
to a ∧ dA after integrating by parts. Indeed, ∫ d4x√−gβ−1X01 = ∫ d4x√−gAµXµ2 up to
boundary terms.
If the theory has U(1)3 and mixed anomalies, the partition function has an anomalous
variation given by (minus) (2.41). Such an anomalous variation is generated by
WA =
∫
d4x
√−gAµ
(
cAj
µ
A + cm(j
µ
m − αjµCS)
)
, (5.4)
with
jµA = −2µ
(
Bµ +
µ
2
ωµ
)
,
jµm = −
(
4W µνρσuνuρωσ +
1
3
(
R+ 6Rνρu
νuρ − 6a2 − 9
2
ω2
)
ωµ
)
,
jµCS = ǫ
µνρσ
(
Γυντ∂ρΓ
τ
συ +
2
3
ΓυντΓ
τ
ρφΓ
φ
συ
)
,
(5.5)
where W µνρσ is the Weyl tensor. The covariant current and stress tensor can be obtained by
varying the generating function W = W1 +WA and adding the appropriate Bardeen-Zumino
polynomials (2.45), as defined in (2.15). The stress tensor and current obtained this way
satisfy the anomalous conservation equations (2.46),
∇µJµcov =
1
4
ǫκσαβ
[
3c
A
FκσFαβ + cmR
ν
λκσR
λ
ναβ
]
,
∇νT µνcov = FµνJνcov + 2cm ∇ν
[
1
4
ǫκσαβFκσR
µν
αβ
]
.
(5.6)
The resulting constitutive relations for the stress tensor and current are presented in appendix
B.
Consider the T τrcov component of the stress tensor on a cone times R
2,
ds2 = dr2 + r2dτ2 + dx2 + dy2 , (5.7)
where τ ∼ τ + 2πδ, with a magnetic flux given by the gauge potential Ay = Bx with B
constant. We would like to argue that, in this background, the T τr component of the stress
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tensor can only receive contributions from the terms present in (5.3) and (5.4). To see this,
we turn on a metric perturbation δgτr = hτr(r, x, y) and look for terms in the generating
function which are linear in the perturbation. Recall that, following section 3.2, we have
already accounted for all possible Chern-Simons contributions to the generating function W
allowing us to focus our attention on gauge-invariant contributions only. In practice, since
all gauge-invariant variables do not depend on the R2 coordinates x and y, it is sufficient to
consider δgτr = hτr(r). Indeed, all spatial derivatives of the R
2 coordinates may act only
on hτr and will therefore lead to a vanishing contribution to the generating function after
integrating by parts. For instance, consider the three derivative contribution to the generating
function of the form
W =
∫
d4x
√−gRµνuµaν = iβ
∫
drdxdy
(
∂2x + ∂
2
y
) hτr
4r
. (5.8)
Thus, δW/δgτr(r, x, y) = δW/δgτr(r).
Focusing on perturbations of the form δgτr = hτr(r) the Riemann tensor, the vorticity
tensor Ωµν and the electric field vanish at least to O(h2) and
∇µuν = −uµaν +O(h2) ,
∇µT = −Taµ ,
∇µaν = −uµuνa2 − aµaν +O(h2) ,
∇µBν = Bµaν − aµBν − aαBαuµuν +O(h2) .
(5.9)
It is a straightforward procedure to check that there are no scalars or pseudoscalars which
can be constructed out of uµ, Bµ and aµ which are linear in hτr. As was the case in two
dimensions, the absence of scalars and pseudo scalars which are linear in hτr implies that
local non perturbative contributions to W will not affect T τrcov.
We have argued that in the background given by (5.7), the only contribution to T τrcov
comes from (5.3) and (5.4). An explicit computation (see B.3) gives us
T τrcov = iB
c˜4d + 8π
2δ2cm
4π2δ2r3
. (5.10)
We then use the same argument as in the two dimensional case, namely that the translational
invariance of the Euclidean vacuum implies that T τrcov vanishes in the limit δ → 1, to obtain
c˜4d = −8π2cm . (5.11)
6. Summary and discussion
Thermodynamic response coefficients induced by gravitational anomalies pose entirely new
types of challenges when compared to response coefficients induced by pure U(1) anomalies. In
particular, the gravitational anomaly coefficient cg in two dimensions and the mixed anomaly
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coefficient cm in four dimensions were conjectured to be related to the respective response
parameters c˜2d and c˜4d via
c˜2d + 8π
2cg = 0 (6.1a)
c˜4d + 8π
2cm = 0 . (6.1b)
These conjectures have a natural generalisation to any even dimension [29]. They are peculiar
in that (a) they mix coefficients of different orders in the derivative expansion and (b) they
involve the transcendental number π. A main aim of this work is to fill up this lacuna in our
understanding of gravitational anomaly induced response and to prove (6.1). We will begin
our discussion in section 6.1 by reviewing our derivation of (6.1). Then, in 6.2 we critically
examine various assumptions associated with our technique. We end with a discussion of
future prospects in section 6.3.
6.1 Thermodynamics on cones and gravitational anomalies
Consider a two dimensional Euclidean theory on a cone Cδ of deficit angle 2π(δ − 1). The
Euclidean partition function, Wδ, of such a theory can be thought of as the thermal partition
function (at a temperature T = (2πδr)−1) with the angular direction being the Euclidean
time. Since |∂rT | = (2πδ)T 2 rather than the required parametric suppression for the deriva-
tive expansion |∂rT | ≪ T 2, the derivative expansion breaks down on the cone. (This break-
down of the derivative expansion is unrelated to various problems that may originate from
the conical singularity at the tip of the cone, which we will return to in the next subsection.)
A priori, the failure of the derivative expansion means that one cannot directly use
the methods of [19, 39] which parametrize thermal partition functions on arbitrary time-
independent backgrounds using the derivative expansion. Despite this, we argue that one
may use the methods in [19, 39] to accurately compute a specific off-diagonal component in
the one-point function of the stress tensor T τr of the Euclidean theory. Further, we argue
that T τr receives contributions from only two terms among the infinite number of terms in
the derivative expansion including any local non perturbative contributions to W . The two
terms on which T τr depend are the contribution of the gravitational anomaly proportional
to cg and a certain Chern-Simons term associated with c˜2d.
When there is no deficit angle our generating function reduces to that of the Euclidean
vacuum, WV ac, which is presumably unique. Assuming that the generating function is con-
tinuous at δ = 1,
WV ac = lim
δ→1
Wδ , (6.2)
we demand that limδ→1 T
τr = 0 resulting in (6.1a). One way of interpreting our computation
is to think of T τr as a Casimir momentum of the thermal state which is generated in taking the
Euclidean theory from the plane R2 to the cylinder S1 × R. Phrased this way, our argument
is conceptually similar to the argument used to derive the Cardy formula. Indeed, in the
framework of conformal field theories we can prove (6.1a) using a formalism similar to that
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of [40, 41]—see appendix A for details. We emphasize that, unlike the Cardy formula, our
argument involving the generating function can be applied to non-conformal theories.
Our derivation of (6.1a) (and the Cardy formula argument) satisfactorily circumvent
both of the a priori obstacles mentioned in the introduction faced by previous methods: the
transcendental factor of 8π2 enters into the argument geometrically through the radius of
the Euclidean circle, and the breakdown of the derivative expansion on the cone allows the
gravitational anomaly coefficient cg which is second order in the derivative expansion and the
coefficient of the Chern-Simons term, c˜2d which is zero order in the derivative expansion to
contribute to correlation functions at the same order in derivatives generating a “jump” in
the derivative expansion.
The situation in four dimensions is very similar to the two dimensional case. To derive
the constraint (6.1b) involving the mixed gravitational anomaly coefficient we place our the
theory on cone times a plane, Cδ × R2, with a small but a constant magnetic flux turned on
over R2. We then consider the off-diagonal component of the stress tensor whose two indices
are on the cone. As in the two dimensional case, we can argue that only the terms associated
with c˜4d and cm terms contribute to T
τr. Using the same assumptions as those spelt out for
the two dimensional case we arrive at (6.1b).
6.2 Validity of our results
In this subsection we would like to examine possible pitfalls and the validity of various as-
sumptions underlying our derivation of (6.1). The starting point of our analysis was to place
the field theory under consideration in a background with a conical singularity. To do this in
practice one must usually regulate the singularity by smoothing out the conical tip in some
particular way. Following [53] one may consider a class of regulators of the form
ds2l = r
2dτ2 + F (r/l)dr2 (6.3)
where F (x) is a smooth function of its argument and satisfies F (0) = δ2 and F (∞) = 1.
For instance, F = (r2/ℓ2 + δ2)/(r2/ℓ2 + 1) which describes a hyperbolic space satisfies these
criteria.
Since the sequence of geometries (6.3) are smooth they can not converge uniformly to the
cone which is singular. Indeed, one of the main results of [53] is that while various geometric
observables (such as arbitrary polynomials of the curvature tensor) depend on the details
of the regularization procedure, there are other observables which are independent of such
details. We expect this to be true of field theory observables as well. In particular, we expect
to find some arbitrariness in the structure of possible localized states near the singularity.
(This phenomenon is well-known from string theory computations involving resolution of
orbifold singularities.)
Whether they depend on the regularization parameter or not, the distressing feature of
localized states at the tip of the cone is that the Euclidean generating function on the cone,
Wδ, will not approach the vacuum generating function in the limit δ → 1, i.e., Wδ is not
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continuous at δ = 1. Since our analysis relied on taking the δ → 1 limit of the generating
function as in (6.2), one might worry that our computation would fail in the presence of
localized states at the tip. However, our analysis focused on computing the T τr components
of the stress tensor far from the tip of the cone. Therefore, if the equality (6.2) is true up
to localized expressions at the tip then our computation remains unspoiled. In other words,
since we are computing components of the stress tensor away from the tip of the cone, we may
require a weaker condition than (6.2). Namely, that the equality in (6.2) holds up to terms
localized at the tip. Thus, our computation is robust against the addition of any localized
state near the singularity.
Despite our computation being robust under the addition of any localized state near the
tip, one should still be concerned about the continuity of Wδ at δ = 1. We emphasise that
this is not an empty concern. As is known from heat kernel computations on the cone [54] the
heat kernel (and hence the partition function) of massless higher spin fields (gravitinos and
gravitons in this case) are not continuous at δ = 1. The reason for this discontinuity is the
enhanced symmetry on the plane. On the cone we have only one Killing vector, the generator
of rotations, while on the plane we have three Killing vectors which generate ISO(1, 1), two
translations and rotations. Since the graviton and gravitino are susceptible to the geometry
the number of zero modes of these fields is discontinuous at δ = 1. This suggests, for
example, that the relations (6.1) will fail for the gravitational anomaly contribution from
chiral gravitino. This was in fact known before from explicit computations of c˜2nd for a free
theory of chiral gravitinos [55]. It is satisfying that our derivation excludes those systems
where the relations in question are known to break down.
Instead of placing the theory on a cone Cδ we could have placed our theory on R2,∗ =
R
2/{0, 0}, i.e., the plane with the origin removed. In this case, instead of (6.2) we would have
had to assume that the origin can be added back without modifying the generating function
W away from {0, 0}. In other words, If the generating function W on the punctured plane
differs from the generating function W on R2 only by terms which are localized at the origin
then our analysis carries through without any obstruction.
This discussion leads us to conclude that the relations (6.1) hold for all local field theories
lacking massless gravitini or gravitons. This is certainly true for free field theories [54] and
therefore also for weakly coupled ones. It would be satisfying to relate our argument to a
mathematical theorem for a specific index which would bypass this problem of continuity
entirely.
As we have emphasized several times, the derivative expansion breaks down on the cone.
As a result, it is insufficient to use a truncated generating function Wm valid only up to order
m in the derivative expansion. Let us restate how this problem has been circumvented. Owing
to the fact that in Euclidean space correlators drop of exponentially at small distances as in
(3.1), the full Euclidean generating function may be formally expanded in a power series in
derivatives around the flat space thermodynamic equilibrium configuration. When resummed,
this infinite series together with any non analytic terms at the origin will reconstruct the
Euclidean partition function. What we have argued for in sections 4 and 5 is that there are
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no terms in this series and no local non analytic terms at the origin which may contribute to
the particular component of the stress tensor which we were interested in.
6.3 Future prospects
We will now conclude with various thoughts on future work. We begin by noting that the
parameters c˜2d and c˜4d that are the focus of this paper are respectively the coefficients of the
1d pure and 3d mixed Chern-Simons terms for the thermal Kaluza-Klein field. The relations
(6.1) essentially relate these Chern-Simons terms to pure or mixed gravitational anomaly
coefficient in the theory with one dimension higher.
A relation between Chern-Simons terms and anomalies is already familiar in the case of
U(1) anomalies [56] where an abelian anomaly in 2n dimensions is related to a parity anomaly
in 2n − 1 dimensions. It would be interesting to see whether a similar argument could be
used to directly derive Kaluza-Klein Chern-Simons terms in field theory after compactifying
on a warped thermal circle. We refer the reader to [42] for related discussions.
Next, the procedure that we have used to establish (6.1) relied on properties of the
partition function on a cone in the limit where the deficit angle goes to zero. This object has
been studied in the literature on entanglement entropy (see [57] for a review). Briefly, given
a state in, say, a 3+1 dimensional field theory, and a plane which cuts the three dimensional
space into two halves, the entanglement entropy of half the space is the Von-Neumann entropy
associated with the density matrix obtained after integrating over the of degrees of freedom on
one half of the space. An efficient way to compute this entanglement entropy is via the replica
trick (which for a field theory leads to the so called “conical singularity” method) whereby
one introduces a conical deficit on the interface and studies the resulting partition function
as a function of the deficit angle. It would be interesting to see whether our analysis can be
translated into specific statements about how gravitational anomaly enters the entanglement
entropy.
While we have argued for (6.1) which are valid in two and four dimensions it would be
interesting to try and prove the higher dimensional generalisation of (6.1) proposed in [29].
There, a “replacement rule” has been proposed where, in the current language, the leading
order Chern-Simons coefficients in the generating function are related to Chern-Simons terms
and first Pontryagin classes of the anomaly polynomial. It seems more than likely that one
may be able to prove the replacement rule by placing a 2n dimensional theory on spaces with
particular fluxes effectively reducing the problem to the two dimensional one which we have
solved. Furthermore, one can hope to generalize the replacement rule of [29] in such a way
that higher order Pontryagin classes in the anomaly polynomial relate to Chern-Simons term
in the generating function which are higher order in derivatives. We leave these and other
related problems for future work.
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A. Casimir energy density and energy flux in two dimensional conformal
field theories
Consider a conformal theory with central charges cL and cR on an arbitrary manifold with
line element
ds2 = ρ(z, z¯)dzdz¯ . (A.1)
Using R = − ln ρ, the solution to (2.37) is given by
T zz¯cov = −cwρ−1 ln ρ ,
T z¯z¯cov =
2(cw + 2cg)
ρ4
(
2ρ∂2zρ− 3(∂zρ)2
)
,
T zzcov =
2(cw − 2cg)
ρ4
(
2ρ∂2z¯ρ− 3(∂z¯ρ)2
)
,
(A.2)
where we have required that T µνcov = 0 for ρ = 1 and defined the linear combinations
cw + 2cg =
cL
24π
, cw − 2cg = cR
24π
, (A.3)
in accordance with the conventions of the main text, namely equations (2.28) and (1.9).
A cylinder of radius R can be parameterized by the line element ds2 = dx2 + dθ2 with
θ ∼ θ + 2π/R which can be obtained from (A.1) using
ρ =
R2
zz¯
, z = Re(x+iθ)/R. (A.4)
Inserting (A.4) into (A.2) and Wick rotating to Lorentzian signature we obtain
T µνcov =
(
4π2cw −8π2cg
−8π2cg 4π2cw
)
T 2 (A.5)
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with T−1 = 2πR. Thus, the energy momentum tensor of a conformal theory on a cylinder dif-
fers from that of flat space by a Casimir energy and Casimir momentum density proportional
to combinations of the left and right moving central charges. Therefore, the energy density
and energy flux of a conformal theory are completely specified by the central charges of the
theory even though these enter at second order in the derivative expansion. The result (A.5)
generalizes the results of [40, 41] to theories with a gravitational anomaly; the off diagonal
term of the energy momentum tensor has a universal value on the infinite strip proportional
to the difference between the left and right moving central charges.
B. Constitutive relations associated with anomalies in four dimensional the-
ories.
In this section we list the part of the four dimensional constitutive relations which follow from
the anomalous part of the generating functional,WA, which includes the three derivative terms
proportional to the mixed anomaly coefficient cm. This is the four dimensional analogue of
the two derivative terms derived in [23] for two dimensional theories with a pure gravitational
anomaly.
We will now focus on contributions to the covariant stress tensor and current obtained
from WA in equation (5.4) by variation, according to the definition (2.15). We will denote
them by T µνA cov, and J
µ
A cov respectively. We will present these contributions in the following
form
JµA cov = NAuµ + νµA,
T µνA cov = EAuµuν + PA∆µν + uµqνA + uνqµA + τµνA ,
(B.1)
with qA, νA, τA transverse and τA traceleless, and the subscript A denotes the contribution due
to the anomalies. We find that the resulting expressions for EA, PA, νµA, qµA, and τµνA contain
a number of Weyl-covariant terms, as well as a number of Weyl-non-covariant terms.7 For
this reason, we have found it useful to summarize a number of independent Weyl-covariant
tensor structures in Tables 2 and 3. There are also the Weyl-covariant zeroth order quantities
T, µ and uµ, as well as the first order pseudovectors ωµ and Bµ defined through
ωµ = ǫµνρσuν∇ρuσ, Bµ = 1
2
ǫµνρσuνFρσ , (B.2)
and the antisymmetric tensor Ωµν defined in the caption of Table 2.
In terms of these Weyl covariant quantities, we find that the scalars NA, EA, and PA are
given by
NA = 0, EA = 3PA = 2cmωµ(µvµ2,1 − vµ2,2) + 4cmBµ(vµ2,1 − Ωµνaν). (B.3a)
7Because the gauge and mixed gravitational anomalies may be non-vanishing in a CFT, we find it interesting
that there are non-Weyl-covariant terms in (B.1). We leave a comprehensive understanding of these terms and
their relation to the Weyl anomaly for future work.
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1 2
2nd order scalar (s2,i ) R+ 6Rµνu
µuν − 6a2 uµ∇νFµν
2nd order vector (v2,i) ∆
µνRνρu
ρ − 2Ωµνaν ∆µρ∇νFρν
2nd order tensor (t2) W
µρσνuρuσ
Table 2: Some independent Weyl-covariant second-order tensors, where we have defined antisymmet-
ric tensor Ωµν = ∆µρ∆νσ(∇ρuσ−∇σuρ)/2. The other independent second-order tensors are products
of first-order tensors.
3rd order pseudovector (v˜3) ǫ
µνρσuν(∇ρRσα)uα + a(ν∆ρ)µ∇νωρ + ωµa2
3rd order pseudotensor (t˜3) ∆
α<µǫν>ρστuρ (∇σRτα + 2aσt2 τα)
Table 3: Some Weyl-covariant third-order pseudotensors.
The vectors νµA and q
µ
A are given by
νµA =− 6cAµBµ − 3cAµ2ωµ − 4cmtµν2 ων −
4
3
cm
(
s2,1 − 9
2
ω2
)
ωµ, (B.3b)
qµA =− 3cAµ2Bµ − 2cAµ3ωµ − 2cm
(
ΦµνBν +
(
ω2
4
− a2
)
Bµ
)
− 2µcm
(
v˜µ3 + t
µν
2 ων +
1
3
(
s2,1 − 3
2
ω2
)
ωµ
)
+ cm (∆
µνEρ∇ρων + 2ωµEνaν − Eµaνων) ,
where we have defined the transverse tensor Φµν = Rµρνσu
ρuσ. Finally the tensor τµνA is
τµνA =4µcm
(
t˜µν3 −W ρ<µν>σuρωσ + 2ω<µvν>2,1
)
+ 2cmω
<µvν>2,2 + 4cmω
<µΩν>ρEρ (B.3c)
+ 4cmB
<µvν>2,1 + 2cmǫ
ρστ<µuρEσ(2t
ν>
2 τ −Rτα∆ν>α)
− 2cm∇<µF ν>ρωρ + 4cma<µǫν>ρστuρBσωτ ,
where the angular brackets denote the transverse traceless projection
V <µν> = ∆µρ∆νσV(ρσ) −
1
3
∆µν∆ρσV
ρσ. (B.4)
As expected from the arguments given in section 1, all of the expressions in (B.3) proportional
to cm have three derivatives and so do not relate the mixed anomaly coefficient cm to the first
derivative term c˜4d listed in (1.6).
References
[1] D. T. Son and P. Surowka, Hydrodynamics with Triangle Anomalies, Phys.Rev.Lett. 103 (2009)
191601, [arXiv:0906.5044].
– 33 –
[2] R. Baier, P. Romatschke, D. T. Son, A. O. Starinets, and M. A. Stephanov, Relativistic viscous
hydrodynamics, conformal invariance, and holography, JHEP 0804 (2008) 100,
[arXiv:0712.2451].
[3] S. Bhattacharyya, V. E. Hubeny, S. Minwalla, and M. Rangamani, Nonlinear Fluid Dynamics
from Gravity, JHEP 0802 (2008) 045, [arXiv:0712.2456].
[4] S. Bhattacharyya, S. Lahiri, R. Loganayagam, and S. Minwalla, Large rotating AdS black holes
from fluid mechanics, JHEP 0809 (2008) 054, [arXiv:0708.1770].
[5] J. Erdmenger, M. Haack, M. Kaminski, and A. Yarom, Fluid dynamics of R-charged black holes,
JHEP 0901 (2009) 055, [arXiv:0809.2488].
[6] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam, et. al.,
Hydrodynamics from charged black branes, JHEP 1101 (2011) 094, [arXiv:0809.2596].
[7] M. Torabian and H.-U. Yee, Holographic nonlinear hydrodynamics from AdS/CFT with
multiple/non-Abelian symmetries, JHEP 08 (2009) 020, [arXiv:0903.4894].
[8] D. E. Kharzeev and H. J. Warringa, Chiral Magnetic conductivity, Phys.Rev. D80 (2009)
034028, [arXiv:0907.5007].
[9] M. Lublinsky and I. Zahed, Anomalous Chiral Superfluidity, Phys.Lett. B684 (2010) 119–122,
[arXiv:0910.1373].
[10] Y. Neiman and Y. Oz, Relativistic Hydrodynamics with General Anomalous Charges, JHEP
1103 (2011) 023, [arXiv:1011.5107].
[11] J. Bhattacharya, S. Bhattacharyya, S. Minwalla, and A. Yarom, A Theory of first order
dissipative superfluid dynamics, arXiv:1105.3733.
[12] D. E. Kharzeev and H.-U. Yee, Anomalies and time reversal invariance in relativistic
hydrodynamics: the second order and higher dimensional formulations, Phys.Rev. D84 (2011)
045025, [arXiv:1105.6360].
[13] R. Loganayagam, Anomaly Induced Transport in Arbitrary Dimensions, arXiv:1106.0277.
[14] Y. Neiman and Y. Oz, Anomalies in Superfluids and a Chiral Electric Effect, JHEP 1109
(2011) 011, [arXiv:1106.3576].
[15] S. Dubovsky, L. Hui, and A. Nicolis, Effective field theory for hydrodynamics: Wess-Zumino
term and anomalies in two spacetime dimensions, arXiv:1107.0732.
[16] T. Kimura and T. Nishioka, The Chiral Heat Effect, arXiv:1109.6331.
[17] S. Lin, An anomalous hydrodynamics for chiral superfluid, Phys.Rev. D85 (2012) 045015,
[arXiv:1112.3215].
[18] V. Nair, R. Ray, and S. Roy, Fluids, Anomalies and the Chiral Magnetic Effect: A
Group-Theoretic Formulation, arXiv:1112.4022.
[19] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Jain, S. Minwalla, et. al., Constraints on
Fluid Dynamics from Equilibrium Partition Functions, arXiv:1203.3544.
[20] K. Jensen, Triangle Anomalies, Thermodynamics, and Hydrodynamics, arXiv:1203.3599.
– 34 –
[21] S. Jain and T. Sharma, Anomalous charged fluids in 1+1d from equilibrium partition function,
arXiv:1203.5308.
[22] S. Bhattacharyya, S. Jain, S. Minwalla, and T. Sharma, Constraints on Superfluid
Hydrodynamics from Equilibrium Partition Functions, arXiv:1206.6106.
[23] M. Valle, Hydrodynamics in 1+1 dimensions with gravitational anomalies, arXiv:1206.1538.
[24] G. Volovik and A. Vilenkin, Macroscopic parity violating effects and He-3-A, Phys.Rev. D62
(2000) 025014, [hep-ph/9905460].
[25] A. Cappelli, M. Huerta, and G. R. Zemba, Thermal transport in chiral conformal theories and
hierarchical quantum Hall states, Nuclear Physics B 636 (Aug., 2002) 568–582,
[cond-mat/0111437].
[26] S. Ryu, J. E. Moore, and A. W. W. Ludwig, Electromagnetic and gravitational responses and
anomalies in topological insulators and superconductors, Phys.Rev.B 85 (Jan., 2012) 045104,
[arXiv:1010.0936].
[27] M. Stone, Gravitational anomalies and thermal Hall effect in topological insulators, Phys.Rev.B
85 (May, 2012) 184503, [arXiv:1201.4095].
[28] K. Landsteiner, E. Megias, and F. Pena-Benitez, Gravitational Anomaly and Transport,
Phys.Rev.Lett. 107 (2011) 021601, [arXiv:1103.5006].
[29] R. Loganayagam and P. Surowka, Anomaly/Transport in an Ideal Weyl gas, JHEP 1204 (2012)
097, [arXiv:1201.2812].
[30] P. Kraus and F. Larsen, Holographic gravitational anomalies, JHEP 0601 (2006) 022,
[hep-th/0508218].
[31] P. Kraus, Lectures on black holes and the AdS(3) / CFT(2) correspondence, Lect.Notes Phys.
755 (2008) 193–247, [hep-th/0609074].
[32] A. Vilenkin, Parity violating currents in thermal radiation, Phys. Lett. B80 (1978) 150–152.
[33] A. Vilenkin, Macroscopic parity violating effects: neutrino fluxes from rotating black holes and
in rotating thermal radiation, Phys. Rev. D20 (1979) 1807–1812.
[34] A. Vilenkin, Equilibrium parity violating current in a magnetic field, Phys. Rev. D22 (1980)
3080–3084.
[35] A. Vilenkin, Quantum field theory at finite temperature in a rotating system, Phys. Rev. D21
(1980) 2260–2269.
[36] A. Vilenkin, Cancellation of equilibrium parity violating currents, Phys. Rev. D22 (1980)
3067–3079.
[37] A. Vilenkin, Parity nonconservation and neutrino transport in magnetic fields, Astrophys. J.
451 (1995) 700–702.
[38] K. Landsteiner, E. Megias, L. Melgar, and F. Pena-Benitez, Holographic Gravitational Anomaly
and Chiral Vortical Effect, JHEP 1109 (2011) 121, [arXiv:1107.0368].
[39] K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz, et. al., Towards hydrodynamics without
an entropy current, arXiv:1203.3556.
– 35 –
[40] H. Bloete, J. L. Cardy, and M. Nightingale, Conformal Invariance, the Central Charge, and
Universal Finite Size Amplitudes at Criticality, Phys.Rev.Lett. 56 (1986) 742–745.
[41] I. Affleck, Universal Term in the Free Energy at a Critical Point and the Conformal Anomaly,
Phys.Rev.Lett. 56 (1986) 746–748.
[42] S. Golkar and D. T. Son, Non-Renormalization of the Chiral Vortical Effect Coefficient, To
appear.
[43] R. A. Bertlmann, Anomalies in Quantum Field Theory (International Series of Monographs on
Physics, 91 (Cloth)). Oxford University Press, USA, 1996.
[44] J. A. Harvey, TASI 2003 lectures on anomalies, hep-th/0509097.
[45] A. Bilal, Lectures on Anomalies, arXiv:0802.0634.
[46] J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys.Lett. B37 (1971) 95.
[47] W. A. Bardeen and B. Zumino, Consistent and Covariant Anomalies in Gauge and
Gravitational Theories, Nucl.Phys. B244 (1984) 421.
[48] J. Callan, Curtis G. and J. A. Harvey, Anomalies and Fermion Zero Modes on Strings and
Domain Walls, Nucl.Phys. B250 (1985) 427.
[49] S. G. Naculich, AXIONIC STRINGS: COVARIANT ANOMALIES AND BOSONIZATION OF
CHIRAL ZERO MODES, Nucl.Phys. B296 (1988) 837.
[50] J. A. Harvey and O. Ruchayskiy, The Local structure of anomaly inflow, JHEP 0106 (2001)
044, [hep-th/0007037].
[51] K. Jensen, Chiral anomalies and AdS/CMT in two dimensions, JHEP 1101 (2011) 109,
[arXiv:1012.4831].
[52] R. Loganayagam, Entropy Current in Conformal Hydrodynamics, JHEP 0805 (2008) 087,
[arXiv:0801.3701].
[53] D. V. Fursaev and S. N. Solodukhin, On the description of the Riemannian geometry in the
presence of conical defects, Phys.Rev. D52 (1995) 2133–2143, [hep-th/9501127].
[54] D. V. Fursaev and G. Miele, Cones, spins and heat kernels, Nucl.Phys. B484 (1997) 697–723,
[hep-th/9605153].
[55] R. Loganayagam Work in progress.
[56] L. Alvarez-Gaume, S. Della Pietra, and G. W. Moore, Anomalies and Odd Dimensions, Annals
Phys. 163 (1985) 288.
[57] S. N. Solodukhin, Entanglement entropy of black holes, Living Rev.Rel. 14 (2011) 8,
[arXiv:1104.3712].
– 36 –
